The exact Foldy-Wouthuysen Hamiltonian is derived for a pointlike spin-1 particle with a normal magnetic moment in a nonuniform magnetic field. For a uniform magnetic field, it is exactly separated into terms linear and quadratic in spin. New unexpected properties of a particle with an anomalous magnetic moment are found. Spin projections of particle moving in a uniform magnetic field are not integer and the tensor polarization is asymmetric in the plane orthogonal to the field. Previously described spin-tensor effects caused by the tensor magnetic polarizability exist not only for nuclei but also for pointlike particles.
I. INTRODUCTION
The problem of a spinning particle in a magnetic field is rather important for particle physics. A high precision is necessary not only for a measurement of magnetic moments but also for a search of electric dipole moments [1] and a determination of tensor electric and magnetic polarizabilities [2] [3] [4] [5] [6] [7] . As a result, the existence of exact and high-precision solutions is very important. Almost all known exact results were obtained for a pointlike (structureless) particle in a uniform magnetic field. Exact solutions were first found in the Dirac representation for energy levels and wave functions of a relativistic spin-1/2 particle with an anomalous magnetic moment (AMM) [8] (see also Ref. [9] and references therein). Corresponding solutions were then obtained in the FoldyWouthuysen (FW) representation [10, 11] . This representation restores Schrödinger-like forms of Hamiltonians and equations of motion and is very convenient for finding a semiclassical approximation and a classical limit of relativistic quantum mechanics [12] [13] [14] .
The g factor, g = 2mµ/(es) (s is the spin number), plays an important role. The exact FW transformation has been fulfilled for a Dirac particle (g = 2) in any stationary nonuniform magnetic field [15] and for a spin-1/2 particle with an AMM moving in the plane orthogonal to a static uniform magnetic field [10, 11] . The exact quantum-mechanical equation of spin motion has also been derived [10] . The exact FW Hamiltonian has been obtained for a spin-1 particle with a normal magnetic moment (g = 2) in a uniform magnetic field [16] . For a Dirac particle and a spin-1 particle with g = 2, a conservation of some projections of the polarization operator in a uniform magnetic field has been proven in Refs. [17] and [16] , respectively. Nevertheless, the above-mentioned results do not exhaust exact FW transformations for a spin-1 particle in uniform and nonuniform magnetic fields. In the present paper, we obtain new exact and high-precision results. These results allow us to find new polarization properties of spin-1 particles that can be extended to particles and nuclei with higher spins.
The system of units = 1, c = 1 is used. Commutators and anticommutators are denoted by [. . . , . . . ] and {. . . , . . . }, respectively.
II. INITIAL HAMILTONIAN
An important property of all exact results is their validity for relativistic and ultrarelativistic particles. Such results may be useful for polarized relativistic particle beams in accelerators and storage rings. Any generalization of exact results obtained for a spin-1 particle in a uniform magnetic field [16] is very important because magnetic fields in accelerators and storage rings are nonuniform.
A spin-1 particle is described by the Proca equations [18] added by the Corben-Schwinger term [19] characterizing the AMM. The electric dipole moment can also be taken into account [20] . The Sakata-Taketani transformation [21] brings the initial equations to the Hamiltonian form. The general Hamiltonian in the SakataTaketani representation has been derived in Ref. [22] . For a spin-1 particle in the magnetic field B, it is convenient to present this Hamiltonian in the form [23] 
where κ = g − 1 = const and π = −iD = −i∇ − eA is the kinetic momentum operator. Here S is the 3 × 3 spin matrix and ρ i (i = 1, 2, 3) are the 2 × 2 Pauli matrices. Denotation ρ i S j means the direct product of two matrices. We imply that spin-independent terms are multiplied by the 3×3 unit matrix I ′ . The even operators M and E and the odd operator O are commutative and anticommutative with the matrix β ≡ ρ 3 I ′ , respectively. The wave function in the Sakata-Taketani representation is a six-component analog of a Dirac bispinor. For spin-1 particles, the polarization operator is equal to Π = ρ 3 S.
It is analogous to the corresponding Dirac operator which can be written in a similar form (see Ref. [24] 
(the operator M is implied to be multiplied by the 2 × 2 unit matrix I).
III. EXACT RESULTS FOR A SPIN-1 PARTICLE WITH A NORMAL MAGNETIC MOMENT
The FW transformation may be exact only for a particle with a normal magnetic moment [16] , when E = 0. The condition of exact FW transformation [14] is [M, O] = 0. The gyromagnetic ratio g = 2 is natural for elementary particles of arbitrary spin [25] .
A charged pointlike spin-1 particle is the W boson. While the deuteron is a nucleus, its g factor is also close to 2 (g d = 1.714). Therefore, a possibility of the exact FW transformation is important for deuteron beams in accelerators and storage rings.
When a magnetic field is nonuniform, the operators π and B do not commute. In this case,
(2) We may use the Maxwell equation
In the absence of time-dependent electric field E(t), a nonzero value of commutator (2) can be caused only by a contact interaction of particle with the external current j. Importantly, such a current either does not appear or can be neglected in accelerators and storage rings. The exact FW transformation in a stationary nonuniform magnetic field can be fulfilled only for spin-1 particles with g = 2, as well as for spin-1/2 particles [15] . Equations (2) and (3) define the additional condition of the exact transformation for spin-1 particles (j = 0). Since this condition is sufficient but is not necessary, formula (2) does not prove an absence of the exact FW transformation in the case of j = 0.
When j = 0, the exact FW Hamiltonian is given by
It is important that the term proportional to the spin operator can be exactly extracted from the square root. The extraction can be made when the magnetic field is uniform. A similar extraction has been performed for a spin-1/2 particle with an AMM [10] . An important specific property of spin-1 particles is an appearance of a term quadratic in spin. When the magnetic field is uniform, B = Be z , [π 2 , B] = 0, and the FW Hamiltonian can be presented in the form
squaring Eq. (5) allows us to obtain
Eigenvalues of the S z operator are equal to s z = 0, ±1. Evidently, energy levels for three spin projections (s z = 0, ±1) are not equidistant. However, this circumstance does not lead to any observable effects. Since the operator π 2 commutes with the Hamiltonian, its eigenvalues are defined by the well-known Landau formula:
As a result, the energy levels are degenerate. The degree of degeneracy of energy levels with n − es z /|e| ≥ 1 is equal to three. Dirac particles possess a similar property but their energy levels (except for the lower level) in a uniform magnetic field are twice degenerate. Spin-tensor effects described in Refs. [3, 5, 6] do not appear for the particle with the normal magnetic moment. When the magnetic field is uniform, the conservation of projections of the polarization operator onto the directions
and also onto the direction π takes place [16] . Therefore, we can choose the directions (8) as the three basic orthogonal directions. We can also prove the conservation of projection of the polarization operator onto the binormal direction of the Frenet-Serret coordinate system, B = π × (π × B) [26] . Since [π, (π · B)] = 0 and Π · π = Π π |π|, it can be easily proven that
All operators in the right-hand side of this equation commute with the FW Hamiltonian. On the other hand,
and therefore the binormal projection of the polarization operator commute with the Hamiltonian (4) and are conserved. Thus, the projections of the polarization operator onto the three directions of the Frenet-Serret coordinate system, π, π × B, and π × (π × B), remain unchanged. Since the projections of the polarization operator onto the directions (8) commute with the FW Hamiltonian, all their bilinear combinations like Π 2 π , Π z Π πB + Π πB Π z also commute with this Hamiltonian. This proves the conservation of the both vector and tensor polarizations in the coordinate system (8) and the Frenet-Serret one.
Certainly, an addition of terms quadratic in spin to the Hamiltonian (4) results in an appearance of the effects described in Refs. [3, 5, 6] .
IV. FOLDY-WOUTHUYSEN HAMILTONIAN FOR A SPIN-1 PARTICLE WITH AN ANOMALOUS MAGNETIC MOMENT
When a particle possesses an AMM, the spin dynamics becomes much more complicated as compared with the case described in the precedent section. Main effects taking place in a magnetic field have been phenologically described in Refs. [3, 5] . In framework of the relativistic quantum mechanics, the spin dynamics of a pointlike particle can be calculated with a high precision. For this purpose, the initial Hamiltonian in the Sakata-Taketani representation (1) should be transformed to the FW representation. In Ref. [23] , this transformation has been performed for a particle with an AMM moving in the plane orthogonal to the field direction. When the magnetic field is uniform, the operator π z = p z commutes with the Hamiltonian (1). The FW transformation of the operator π z does not change its form. Therefore, this operator also commutes with the FW Hamiltonian and has eigenvalues P z = const. Consequently, a consideration of the particular case P z = 0 is quite reasonable [23] . In this case, the coordinate system (8) and the FrenetSerret one are equivalent. In the classical limit, they are also equivalent to the cylindrical coordinate system [16] .
The FW Hamiltonian calculated in Ref. [23] up to terms of the order of |e| 3 B 3 /m 5 is given by
The terms proportional to (S · B) 2 and [S · (π × B)] 2 define the tensor magnetic and electric polarizabilities of the moving particle, respectively [27] . The term proportional to (S · π) 2 can be transformed with the equality [23]
The term in the right-hand side of this equality characterizes the scalar electric polarizability of the moving particle. Equation (9) shows that spin-dependent effects do not vanish for ultrarelativistic particles. This is a common feature of the high-energy spin physics (see Ref. [28] ).
Since [S z commutes with the Hamiltonian and has definite eigenvalues 0 and 1. As a contrary, the operator S z does not commute with the Hamiltonian. This noncommutativity leads to mixing the states with s z = ±1, while the state with s z = 0 is pure.
It is convenient to use the coordinate system (8). Since P z = 0, the directions B × (π × B) and π are parallel and S BπB = S π . While all terms proportional to B 3 can be properly calculated with the use of Eqs. (5) and (6), they are negligible and may be omitted. This circumstance allows us to replace ǫ with ǫ ′ in terms proportional to B 2 and to present Eq. (9) in the form
Since a noncommutativity of the operator π 2 with the operators S 2 πB and S 2 π can be neglected, the eigenvalues of π 2 are defined by the Landau formula (7).
V. STATIONARY POLARIZATION OF PARTICLES IN A UNIFORM MAGNETIC FIELD
Determination of a particle polarization in stationary states demonstrates a deep difference between polarization properties of spin-1/2 and spin-1 particles in a uniform magnetic field. For spin-1/2 particles, there are two stationary polarization states with s z = ±1/2. Spin-1 particles possess fundamentally different properties.
To determine these properties, we should derive eigenvalues and eigenfunctions of Hamiltonian (10) and the spin operators. We use the conventional definition of spin matrices:
(11) We need to express the spin projections onto the transversal (π × B) and longitudinal (π) directions in terms of the matrices S x and S y . One can present the spin matrices as follows,
where the noncommutativity of the operators π i and |π| is neglected. However, calculations with Eq. (12) are very cumbersome. The replacement S πB → S x , S π → S y is much more convenient and results in
(13) However, this replacement is a nontrivial procedure which requires a change of the Hamiltonian. The directions π and π × B rotate relative to the Cartesian coordinate axes with the angular velocity equal to the instantaneous angular velocity of orbital revolution of the particle, ω. The instantaneous angular velocity of spin rotation in the frame (8) is therefore defined by (cf. Ref. [29] ) ω a = Ω − ω, where Ω is the instantaneous angular velocity of spin rotation relative to the Cartesian coordinate system.
For the particle with the normal magnetic moment, ω is exactly equal to Ω and Hamiltonian (10) contains only the first term [cf. Eq. (4)]. The elimination of this term restores the right description of spin dynamics (ω a = 0) when the definition (13) of the spin matrices is used.
In the general case, the situation remains unchanged. The contribution of the above mentioned term into the total angular velocity of spin rotation is always equal to ω. Thus, the use of the definition (13) should be accompanied by the elimination of the first term in Hamiltonian (10) . Instead of the elimination, this term may be replaced for the unimportant spin-independent term H 0 commuting with the operator π 2 . With this replacement, the spin components S πB and S π remain unchanged for the particle with the normal magnetic moment.
The same argumentation is valid for spin-tensor effects. The commutativity of the operators S πB and S π with Hamiltonians (4) and (5) is a result of joint action of spin-vector and spin-tensor interactions. The use of the definition (13) should not bring spin-tensor effects caused by the noncommutativity of the matrix S 2 z with the matrices S x and S y (when they define the operators S πB and S π ). The elimination of the first term in Hamiltonian (10) perfectly solves this problem.
We can mention that three lower components of the six-component wave function correspond to the lower Dirac spinor. In the FW representation, they are always equal to zero for positive-energy states. Therefore, we can omit these components and present the FW Hamiltonian in the form
where the definition (13) is used and
While the operators π 2 and ǫ ′ do not commute with the original operators S 2 π and S 2 πB , they commute with the matrices S 2 x and S 2 y . Therefore, the anticommutator contained in Eq. (10) is omitted.
The term ω 0 S z in Eq. (14) violates the degeneracy of energy levels and defines the spin rotation with the angular frequency ω 0 . The next two terms cause spintensor effects. The matrix form of Eq. (14) is given by
The eigenvalues and eigenvectors of the FW Hamiltonian defining the particle energy are equal to
Appropriate eigenvalues of the operator ǫ ′ deduced from Eq. (7) should be substituted into Eq. (17) . The three last terms in Hamiltonian (14) violate the degeneracy of energy levels.
Particle polarization in the stationary states is given by
(18) In any stationary state,
Equations (18) and (19) demonstrate new unexpected properties of stationary polarization of pointlike spin-1 particles in a uniform magnetic field. The spin projection onto the magnetic field direction is not integer. The tensor polarization is also nontrivial and differs for the transversal (π × B) and longitudinal (π) directions. The effects are small and are of the orders of β and β 2 for tensor and vector effects, respectively. However, they are fundamentally important because they show a deep difference between polarization properties of spin-1/2 and spin-1 particles. In particular, polarization properties of spin-1 particles cannot be exhaustively described by the rotation group SO(3).
For a particle at rest, ǫ ′ = m, β = 0. New spin properties defined by Eq. (18) disappear. In this case, spintensor effects are caused by the term ζS 2 z in Eq. (14) . Amazingly, these effects exist not only for extended objects like nuclei [3] but also for pointlike particles. The tensor interaction of the spin produces the spin rotation with two frequencies instead of one, beating with a frequency proportional to the tensor magnetic polarizability, and causes transitions between vector and tensor polarizations [3] . In particular, an initially tensor-polarized beam acquires a final horizontal vector polarization [5] .
VI. DISCUSSION AND SUMMARY
The results obtained allow us to ascertain new properties of a spin-1 particle in a magnetic field. The exact FW Hamiltonian has been found for a particle with a normal magnetic moment (g = 2) in a nonuniform magnetic field. For such a particle, the vector and tensor polarizations defined relative to the momentum direction are conserved in a uniform magnetic field. The energy spectrum is rather simple and the degree of degeneracy of almost all energy levels is equal to three. The spin projections onto the direction of the uniform magnetic field are integer. The projections of the polarization operator not only onto this direction but also onto the directions π, π × B, B × (π × B) [16] , and the directions of the Frenet-Serret coordinate system are conserved.
The situation is different for a pointlike spin-1 particle with an AMM (W boson). Its stationary polarization in a uniform magnetic field possesses unexpected properties. If the particle moves, projections of its spin onto the magnetic field direction are not integer and the tensor polarization is asymmetric in the horizontal plane. Moving extended objects (nuclei) with spin 1 and higher spins also possess these properties. However, the existence of such properties was not established in previous investigations. Since the tensor electric and magnetic polarizabilities of nuclei are much greater than those of the W boson [20] , the effects described should be searched just for nuclei. Because mixing of states with s = 1 and s = 0 should be negligible, experimental investigations cannot be made with atoms. Since the energy splitting is small, a measurement of observable anomalies in the spin motion (see Refs. [5, 6] ) is the best way to search for the above effects. These effects are fundamentally important because they establish new spin properties.
To calculate the spin dynamics, previously obtained results can be used. In particular, the equality S 2 πB +S 2 π + S 2 z = 2 allows one to apply equations of spin dynamics derived in Ref. [6] after the substitutions A → κ, (B − A) → ζ, ω ′ → ω 0 1 + β 2 . For a particle at rest, the new spin properties found in the previous section disappear. Importantly, spin-tensor effects described is Refs. [3, 5, 6] and caused by the tensor magnetic polarizability occur not only for nuclei but also for pointlike particles.
